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Abstract 
In this work vibration analysis of thin square plates with circular perforations arranged in square pattern is studied. The boundary 
condition for all the four edges is simply supported. The analytical approach presented here is based on Rayleigh’s formulation. 
The deflection of the plate is represented by a simple function satisfying all the boundary conditions. In analytical modeling 
circular holes are replaced by equivalent square hole and variation of material properties such as density and modulus of 
elasticity is expressed using greatest integer function. The fundamental frequency of vibration is determined numerically for 
plates of different sizes. The results of the proposed method are validated using finite element method (FEM) modal analysis. 
The results obtained by the proposed approach are found to be in good agreement with the results of FEM. 
© 2014 The Authors. Published by Elsevier Ltd. 
Selection and peer-review under responsibility of the Gokaraju Rangaraju Institute of Engineering and Technology (GRIET). 
Keywords:Perforated plate; Geatest integer function; Rayleigh-Ritz method; Vibration of plate; Square perforation pattern 
1. Introduction 
Plates are integral parts of most engineering structures and their vibration analyses are needed for the safe design 
of structures. Perforated plates are frequently used in many engineering applications such as tube sheets for heat 
exchangers, boilers. Perforated plates are also used for ventilation grilles, for acoustic panels, for filters, for radiator 
covers.  
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Nomenclature 
A Area of perforation (mm2) W(x, y) Deflection of the mid plane of  the plate  
a Effective outer dimension along x axis(mm) 
2  Two-dimensional Laplacian operator
2 2
2
2 2x y
w w  w w  
b Effective outer dimension along y axis(mm) ω1 Fundamental frequency(Hz) 
D Flexural rigidity  
3
212 1
EhD  X
   
E Modulus of elasticity (N/m2) ρ Density(Kg/m3) 
h Uniform plate thickness(mm) ν Poisson’s ratio 
f(x) Function representing variation of material 
properties along x axis 
dc Side length of square perforation(mm) 
g(y) Function representing variation of material 
properties along y axis 
rc Radius of circular perforation(mm) 
F(x, 
y) 
Function representing variation of material 
properties along x and y axes 
  
 
From the literature of perforated plates, it is noticed that the present approach to deal with vibration analysis of 
perforated plates is by using equivalent properties of material for perforated plate, (O’Donnell, 1973; Choi et al., 
1998; Wang and Lai, 2003). These equivalent material properties are called as effective elastic constants. By using 
these equivalent material properties perforated plate can be modeled as full solid plate. Burgemeister and Hansen 
(1996) showed that effective material constants cannot be used in classical equations to predict accurately the 
resonance frequencies of simply supported perforated panel. Mali and Singru (2012) used Galerkin method for 
determining the fundamental frequency of rectangular perforated plate by using concentrated negative mass 
approach for the holes. Mali and Singru (2012,2013) formulated analytical model for computing the fundamental 
frequency of perforated plates by using greatest integer function and Heaviside function  to express non 
homogeneity in material properties. They have also given details of literature related to non-homogeneous 
rectangular plates. From review of the literature, authors have found no work dealing with analytical formulation for 
square perforated plate with all edges simply supported by considering greatest integer function to express non-
homogeneity due to circular holes (in Young’s modulus and density). In the present work an analytical model to 
determine fundamental frequency of perforated plate with circular perforations is formulated. Circular holes are 
replaced by equivalent square hole and non homogeneity in Young’s modulus and density due to equivalent square 
perforation is expressed by using greatest integer functions. These functions are used in the analytical model, to 
determine fundamental frequency. Approach presented in this work is an extension of the approach proposed by 
Mali and Singru (2013). Rayleigh’s formulation is used to establish an analytical model to determine fundamental 
frequency. 
2. Analytical model for vibration of a perforated simply supported thin plate 
2.1.  Concept of equivalent square hole for circular perforation. 
Circular hole can be replaced by square hole of same area with centre of the square same as the centre of the 
circular hole (Mali and Singru , 2013). Consider a circular hole of radius rc as shown in Fig.1.  
Area of the circular perforation having radius rc is given as, 
 
2
c cA rS                          (1) 
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Fig. 1. Equivalent square hole for circle of radius rc.[8] 
 
For a square perforation of side length dc, area can be given, 
 
2
c cA d                                   (2) 
 
For equivalent square perforation, from equation (1) and (2) 
 
2 2
c cd rS                                                                                                                                                             (3) 
 
Thus for equivalent square perforation side dimension dc can be given as, 
 
c cd r S                                                                                                                                                            (4) 
 
2.2.  Formulation of the function to express non-homogeneity in material properties of plates with circular 
perforations 
In the analysis rectangular plates with circular perforations arranged in a square pattern are considered. As shown 
in Fig. 2, the plate with edges of lengths a and b along x and y axes respectively has circular perforations of radius 
rc. In this case it is assumed that Px = Py and Lx = Ly. The ligament efficiency of the pattern given by ηl = P/L = 
0.436 in both x and y directions. The proposed approach is based on use of Rayleigh’s quotient to compute the 
fundamental frequency. The Rayleigh’s quotient depends on the physical properties: density (ρ), modulus of 
elasticity (E), Poisson’s ratio (ν). 
For a perforated plate shown in Fig.2 density and modulus of elasticity are not uniform. They fluctuate along the 
surface of the plate. To evaluate the integrals involved in Rayleigh’s quotient, the density and the modulus of 
elasticity need to be expressed as a function of the Cartesian co-ordinates x and y. If the function F(x, y) represents 
the variation of these parameters along the surface, then the density and modulus of elasticity can be expressed as 
suggested by Mali and Singru (2012, 2013). 
 
0 ( , )F x yU  U  
0 ( , )E E F x y                                                                                                                                             (5) 
 
where E0 and ρ0 are the modulus of elasticity and density of isotropic homogeneous plate. 
 
For the function F(x, y) to represent these parameters it must satisfy the following requirements. 
 
( , ) 0       F x y in the region corresponding to a perforation  
( , ) 1 F x y otherwise                                                 (6) 
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Fig.2 Orientation of co-ordinates of perforated square plate 
 
The function F(x, y) is constructed as per the geometry of the plate considered in Fig. 2with equivalent square 
holes. To construct the function F(x, y) we assume that material property (Density and Young’s modulus) at any 
point (x, y) is the superposition of the material property along x direction and y direction as proposed Mali and 
Singru (2012, 2013). The functions f(x) and g(y) represent variation of material property along x and y axes 
respectively. The functions f(x) and g(y) are formed by using greatest integer functions as given by equations (7) and 
(8).The functions f(x) and g(y) are superimposed to obtain the function F(x, y).  
 
4 4( ) 1 cos cos
2
x xf x  floor floor
a a
S S§ ·§ ·§ ·§ · § ·  ¨ ¸¨ ¸¨ ¸¨ ¸ ¨ ¸¨ ¸¨ ¸© ¹ © ¹© ¹ © ¹© ¹
 (7) 
4 4( ) 1 cos cos
2
y yg y  floor floor
b b
S S§ ·§ ·§ ·§ · § ·  ¨ ¸¨ ¸¨ ¸¨ ¸ ¨ ¸¨ ¸¨ ¸© ¹ © ¹© ¹ © ¹© ¹
 (8) 
F(x, y) can be obtained by the Equation (8) given as: 
 
( , ) ( ) ( ) ( ) ( )F x y f x g y f x g y    
(9) 
 
F(x, y) thus obtained is used in Rayleigh’s quotient Equation (10) to obtain the fundamental frequency.  Fig.3 
shows the representative plot of greatest integer function variation in x and y direction given by Equation (7) and (8) 
for specimen with dimension 500 mm x 500 mm. The nature of the plots of f(x) and g(y) is same as square waves 
with amplitude unity. Fig. 4 shows the representative density plot of greatest integer function F(x, y) given by 
Equation (9) in x and y direction for specimen with dimension 500 mm x 500 mm. The dark area represents the 
region where F(x, y) = 0 which is the region corresponding to a perforation. Thus density plot of the function exactly 
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depicts the geometry of the plate specimen. Thus variation of material properties expressed by greatest integer 
functions given by Equation (7) and (8) is a valid representation of actual variation. 
 
 
 
                        
               Fig. 3. Plot of the greatest integer functions f(x) and g(y)             Fig. 4. Density plot of the greatest integer function F(x, y)  
2.3.  Determination of the Fundamental frequency of square plates with circular Perforations. 
To find the approximate value of the fundamental frequency for a solid isotropic homogeneous thin plate the 
Rayleigh’s method is used. Rayleigh’s quotient for a solid plate is given by following expression, Chakraverty 
(2009). 
    22 2 2220 2 2
2
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0
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R
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x y x y
h W dxdy



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(10)   
where h is the plate thickness, ρ0 is the density, ν0 is the Poisson’s ratio and D0 is the flexural rigidity given by 
Equation (11) ,Chakraverty (2009). 
 
  
3
0
0 212 1
E h
D

  X  
(11)
 
W  in Equation (10) is called as shape function which represents deflected shape of the midplane of the plate. 
 
The Rayleigh’s quotient depends on the form of the function W. The function W(x, y) should be chosen such that 
it satisfies the boundary conditions for plate. Once the function F(x, y) is constructed as given by equation (8), the 
integrals can be evaluated using above Equation (10). Thus the Rayleigh’s quotient for perforated plate now 
becomes as given by Chakraverty (2009), 
 
414   Kiran D. Mali and Pravin M. Singru /  Procedia Materials Science  6 ( 2014 )  409 – 416 
 
    22 2 222 2 2
2
2 0
2 2
0
( , ) 2 1
12 1 ( , )
R
R
W W WF x y W dxdy
x y x yE h
F x y W dxdy



ª º­ ½§ · § ·§ ·w w w° °« »  X ® ¾¨ ¸ ¨ ¸¨ ¸w w w w« »© ¹ © ¹© ¹° °¯ ¿¬ ¼Z  U X
³³
³³  
(12)
 
 
We consider the function W(x, y) of the form given by Equation (13), (Szilard, 2004;Leissa ,1973;Leissa ,1969). 
 
4 3
( , ) 2 sinx x x yW x y
a a a b
S§ ·§ ·§ · § · § ·  ¨ ¸¨ ¸¨ ¸ ¨ ¸ ¨ ¸¨ ¸© ¹ © ¹ © ¹© ¹© ¹
 (13)
 
The function W(x, y) satisfies the boundary conditions for plate with all edges simply supported as given by 
Equation (14). 
2 2
2 2
(0, ) ( , )
2 2
2 2
( ,0) ( , )
(0, ) ( , ) 0
( ,0) ( , ) 0
y a y
x x b
W WW y W a y
x x
W WW x W x b
y y
§ · § ·w w    ¨ ¸ ¨ ¸w w© ¹ © ¹
§ · § ·w w    ¨ ¸ ¨ ¸w w© ¹ © ¹
 
(14) 
        Fundamental frequency of perforated plate shown in Fig.2 can be determined from Equation (12) by using 
shape function given by Equation (13) and material property variation expression given by equation (9). 
3. Numerical analysis 
To estimate the accuracy and applicability of the proposed approach for various cases of perforation sizes and 
plate sizes, numerical simulation is carried out.  Numerical analysis is carried out for plate specimens having 
thickness of 2 mm.  Total seven specimens with different sizes of uniform circular perforations arranged in square 
array are considered for numerical simulation.  Radius of the perforation varies over range 28.20 mm to 112.83 mm 
where as size of the square perforated plate varies over range 200 mm x 200 mm to 800 mm x 800 mm. Side 
dimensions of the equivalent square perforations for range of circular holes calculated from Equation (4)  are given 
in Table 1. Perforation radius for each specimen is chosen in such a way that it gives gradual increment of 25 mm in 
size of equivalent square perforation. This is done for the ease of computation.  Following are the material properties 
considered for all specimen plates analyzed numerically. 11 2 30 02.1 10 N/ m , 7850 kg / m and 0.30E     U Q u    
Armenakas (2006). 
4. Validation of the proposed analytical model 
To validate the results obtained from numerical analysis, modal analysis of the same plate specimens were 
carried out by using ANSYS v11. The material properties of the plates considered for this analysis are same as 
considered in numerical analysis. Modal analysis was carried out using Shell 63 as the element type. The analysis 
was repeated with successive refinement in the mesh until convergence was obtained. Thus converged solution is 
given in Table 1.  It is assumed that structure is formed of isotropic homogeneous elastic material, i.e. Structural 
Steel with material properties same as used in numerical analysis. 
5. Results and discussion 
Results obtained by proposed approach and FEM modal analysis are shown in Table 1. Comparison between the 
results of FEM and numerical calculations shows that the frequency obtained by proposed approach is higher than 
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that obtained by FEM. All the specimens considered in the analysis are geometrically similar with ligament 
efficiency 0.436. Therefore the mass remnant ratio (MRR), which is the ratio of mass of a perforated plate to the 
mass of an equivalent solid plate, is the same in each case. So the proposed approach gives results with the same 
accuracy over the entire range of sizes. The absolute error in the frequency decreases with increase in plate size. The 
percentage error in the frequency is nearly constant for the range of plate sizes considered. The density plot of the 
function F(x, y) as shown in Fig. 4 exactly resembles the geometry of the plate considered. This shows that the 
function F(x, y) is a valid representation of the variation of the density and modulus of elasticity of the perforated 
plates considered. In this work the shape function W(x, y) is chosen as the single term combination of polynomial 
and trigonometric series. This approximate representation of the deflection of the plate is used for the ease of 
computations involved in the analysis. Increasing the number of terms will increase the accuracy of the numerical 
results. The proposed method can be applied to wide range of perforation patterns due to symbolic representation of 
the analytical model.     
Table 1. Results of numerical and FEM analysis 
Square Plate 
Side 
(mm) 
Perforation 
radius,rc (mm) 
Equivalent square 
perforation Size 
(mm) 
Frequency 
By FEM 
ω1(Hz) 
Frequency  
by Rayleigh's  
Method ω1(Hz) 
Absolute  
Error (Hz) 
 % Error 
800  112.83 200  13.769 14.992 1.223 8.88 
700  98.73 175  17.988 19.582 1.594 8.86 
600  84.62 150 24.484 26.653 2.169 8.85 
500  70.52 125  35.26 38.381 3.121 8.85 
400  56.41 100  55.099 59.970 4.871 8.84 
300  42.31 75  97.973 106.614 8.641 8.82 
200  28.20 50  220.61 239.882 19.272 8.73 
 
6. Conclusion 
In this work, analytical model is formulated and numerical results are obtained for the problem of free vibration 
of perforated plates. Concept of the equivalent square perforation is used to replace circular perforation.  The 
greatest integer functions are used to model the variation of density and modulus of elasticity of a perforated plate 
with all edges simply supported boundary condition. The density and the modulus of elasticity thus obtained can be 
used to compute the fundamental frequency of these plates using approximate methods such as Rayleigh’s 
formulation. It is shown that the numerical solutions have the good convergence and adequate accuracy for various 
sizes of plates and perforations. Also this method can be applied to plates subjected to other boundary conditions 
with proper choice of shape function satisfying the boundary condition. 
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